/: Md -> Ed + e is a Ck isometric immersion; and (c) d>e. Then m = minv(p) is positive and the conclusion of Theorem 1.1 holds with Md~m, g e Ck.
In fact, (a) and (b) imply that v(p)^d-e; [3] . If e=l (so thatf(Md) is a hypersurface in Ed + 1), then v(p)^d-1 >0 and Corollary 1.1 reduces to a theorem of Hartman and Nirenberg [8] .
On a Riemann manifold Md with a continuous curvature tensor, a vector z e Tp(Md) is called a nullity vector atp if R(x, y)z = 0 for all x, y e Tv(Md), where R(x, y) is the curvature transformation associated with x, y; the nullity p.(p) is the dimension of the linear space of nullity vectors in Tp(Md); Chern and Kuiper [3] . On a complete Riemann manifold Md, Toponogov [15] defines a "line" to be a complete geodesic with every subarc of minimal length. Corollary 1.1 has the following generalization. It is easy to see (cf. Proposition 4.1 below) that if assumptions (i), (ii) of Theorem 1.1 hold and L1 is a geodesic arc on Md such that L1=f(L1) is a line segment in f(Md)<^Ed + e, then a vector on FP(F1) atp eL1 is a relative nullity vector at p and the normal space off(Md)<=Ed + e is constant (i.e., parallel) along Lx. This implies that f(Md) cannot be (m+ l)-cylindrical.
In Theorem 1.1, let p0 be a point of Md where v(p0) = m. Then v(p) = v(p0) for all p near p0 and, hence, by Lemma Then the conclusion of Theorem 1.1 holds.
The assumption that f(Md) contains m "linearly independent" lines L\,...,Lm means that translates of Lu ..., Lm through the origin of Ed + e span an «î-space.
In any of the statements above, there is no loss of generality in supposing that Md is simply connected, for otherwise it can be replaced by its universal covering manifold. If, in addition, the sectional curvatures of Md vanish, then it can also be supposed that Md = Ed cf., e.g., [8, p. 913] . Thus the reduction above of Theorem 1.1 to Theorem 1.2 shows that the flat cases of these theorems are contained in Lemma 1.1. Let f: Ed -> Ed + e be an isometric immersion of class Ck, k^l, such that f(Ed) contains m linearly independent lines. Then there exist factorizations Ed = EmxE"-m,
Ed + e = EmxEd + e-m, and f=ixg such that i: Em -» Em is the identity map andg: Ed~m -> Ed + e~m is a Ck isometric immersion.
In contrast to the case e=l, where necessarily m^d-1, the situation w = 0 can occur in Lemma 1.1 when e > 1. For example, if u = (u1,..., ud) e Ed and e = d, one can choose the isometric immersion/: Ed -> E2d to be of the form f(u\ ...,ud) = (Mu1), g^u^Mu2),.
. .,gd(ud)), where (/, gk): E1 -> E2 is an isometric immersion for fc= 1, ...,</. It is easy to see that iffk, gk are suitably chosen, then f(Ed)^ E2d contains no lines. Actually, «?>0 must hold only if d>e.
Below, we shall first prove Lemma 1.1 in §2. (In fact, it will essentially be sufficient to consider only the case d=2 and m=l.) Theorem 1.2 will then be deduced in §3 from Lemma 1.1 and a factorization theorem of Toponogov [15] which is the "intrinsic" analogue of Theorem 1.2. This gives a rather short proof of Theorem 1.1 and of the corresponding part of Sacksteder's result. Actually, the brevity is somewhat misleading for, in contrast to Sacksteder's proof, we employ Toponogov's theorem.
The arguments in the proof of Theorem 1.2 also give the following theorem (in which there is no assumption on the relation between curvatures of Md and Md + e): The reader not interested in the question of differentiability conditions should read the assertions and proofs with all differentiability classes replaced by C™. For other readers, §5 will contain remarks and clarifications of the differentiability classes which occur in the statements and proofs. For locally flat manifolds, there is no difficulty. In general, what is involved is a determination of conditions sufficient for the validity of Rauch's comparison theorem [11] and of Toponogov's comparison theorem [14] and factorization theorem [15]. Choosing C=fk(u(t)) gives (4.3). Thus (1) and (2) are equivalent. Suppose now that Md has nonnegative sectional curvatures and that L1 is a geodesic arc. Then, by (4.1) and the fact that u(s) is a geodesic, If i = u' in (4.6), it follows that (4.7) holds if and only if hfjui'r¡' = 0 for all r¡ and A;
i.e., (3) . This proves the equivalence of (1) The next proposition is unrelated to this paper, but is an "intrinsic analogue" of the last part of Proposition 4.1. Proof. The definition of a nullity vector trivially implies that Kp(L) = 0 for all 2-sections through p with z e Fp(2).
Conversely, suppose that KPCL) for all such 2-sections. In appropriate local coordinates, with z = (z1,..., zd), Rijkmxixkzizm = 0 for all x = (x1,..., xd).
Since Kp(£)it0 or Kp(2,)fi0 for all 2-sections S through p, the vector z is a null vector for the symmetric matrix (Rijkmx'xk) = (Rkmijxlxk), for j, m= 1,..., d, RiikmXixkzm = 0 for all / and x.
Thus, for fixed /, this form in x is skew, (4.8) (Rijkm + Rkiim)zm = 0 for all i,j, k.
[February From the standard relation Riikm + Rkijm = Rkjim, we obtain (2Rijicm + Rmím)2"1 = 0.
By (4.8), Rkiimzm= -Rjikmzm = RUkmzm, so that Rijkmzm = 0 for all/, j, k.
Hence z is a nullity vector.
Differentiability assumptions in theorems of Rauch and Toponogov. The assumption MdeCk
implies that, in local coordinates, the metric tensor is of class C'1. In general, k = 2 does not permit the definition of sectional curvature on Md. But the existence of an isometric immersion/:
Md -> Ed + e of class C2 implies that there exists a continuous curvature tensor expressible in terms of second fundamental forms; cf., e.g., [5, pp. 283-284] . Thus the statements in §1 are meaningful even for k = 2.
When Md e Ck, k~^2, has a continuous curvature tensor of class C', Ö$/i §ft-2 (for example, if there exists an isometric immersion/: Md -*■ Ed + e of class C' + 2), then there exist local geodesic coordinates of class C' + 1; cf. [5] .
No further remarks are needed as to "differentiability" in the proofs of Corollary 1.1 and Lemma 1.1. The proofs of the other results of §1 depend however on the factorization theorem of Toponogov [15] , called (ToeB) below, which in turn is based on his comparison theorem [14] , see (CT^,) below. Consider the validity of the following two assertions, (Tw) and (CTfc):
(Tw) Assume that (i) Md e Ck is a complete Riemann manifold with nonnegative sectional curvatures and that (a) there exist m linearly independent "lines" through some point p e Md. Then there exists a complete Riemann manifold Md-meCJ suchthat Md = EmxMd~n.
(CTfc) Assume that (i) holds. If abc is a triangle in Md with minimizing geodesies as sides and ABC is a triangle in E2 with corresponding sides equal to those of abc, then corresponding angles of ABC do not exceed those of abc.
On the one hand, Toponogov's proof [15] of (Toeoo) makes it clear that if (CTk) holds for Md and if there exist (local) geodesic coordinates of class C on Md with jfík, then (Tfc;) holds. On the other hand, we shall point out below that the proof of Toponogov's comparison theorem in [4, pp. 182-194] , can be modified to yield (a) (CT2) is valid, provided that Md has a continuous curvature tensor (for example, in the sense employed in [5, p. 283] ). This gives, therefore, the following: (b) (Tk,k-X) is valid for k}t2 provided that Md e Ck has a curvature tensor of class Ck~2 (e.g., if there exists an isometric immersion f: Md -> Ed + e of class Ck).
In particular, (TkJ) is valid for k^3, lfkjlkk -2.
These remarks indicate the correctness of the proofs above under the stated differentiability conditions. It is clear that one can obtain assertions analogous to those of §1 if one replaces the assumptions "MdeCk and fe Ck, &&2" by "MdeCk, k^3, and feC, l^j^k-2" and the corresponding part of the conclusion by "Md~m e Ck~2 and g e Cj". The remainder of this section is devoted to a verification of (a). The proof of Toponogov's comparison theorem (CTM) in [4] depends essentially on two results: Rauch's comparison theorem and a result of A. D. Alexandrov (d=2) and Toponogov (<F=ï2). The latter is stated as Lemma 2 in [4, p. 187], and corresponds to (b0) below with a Cm assumption. Thus the proof of (CTm) in [4] can be modified to yield (a) if the following assertions (a0), (b0) are verified. (For other proofs of (CT") or related results, see [1] , [9] .) (a0) Rauch's comparison theorem is valid for manifolds of class C2 having continuous curvature tensors.
(b0) Let Md e C2 be a complete Riemann manifold; p, q, r distinct points of Md; ß, y minimizing geodesies from p to q andp to r, respectively; r fi ß; qx, q2,. . ., points of ' ß, p + qn^ p as n -> oo; yn a minimizing geodesic from qn to r; 6 the angle from y to ß at p; and 0n the angle from yn to ß at qn. Then lim sup 8nS 8 as « -*• oo. 
